Microtoroid cavity QED with fiber overcoupling and strong atom-field
  coupling: a single-atom quantum switch for coherent light fields by Parkins, Scott & Aoki, Takao
ar
X
iv
:1
40
5.
67
76
v2
  [
qu
an
t-p
h]
  2
1 N
ov
 20
14
Microtoroidal cavity QED with fiber overcoupling and strong atom-field coupling: a
single-atom quantum switch for coherent light fields
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We propose a scheme for single-atom, quantum control of the direction of propagation of a coherent
field incident, via a tapered fiber, upon a microtoroidal whispering-gallery-mode (WGM) resonator.
The scheme involves overcoupling of the fiber-taper to the resonator and strong coupling of an
atom to the evanescent field of the WGM, i.e., an atom-field coupling that exceeds the total WGM
linewidth. In contrast to previous, related schemes that operate in the bad-cavity regime, the
proposed scheme can operate effectively with much stronger incident fields, while also preserving
their coherent nature. It can also serve to prepare an entangled state of the atom and coherent optical
pulses propagating in opposite directions along the fiber. We evaluate the fidelity of preparation of
such a state taking into account absorption and atomic spontaneous emission and demonstrate that
high fidelities should be possible with realistic parameters.
PACS numbers: 42.50.Pq, 42.50.Ct, 42.50.Dv
I. INTRODUCTION
Strong interactions between single atoms and single
photons, engineered through the use of optical resonators
or cavities (i.e., cavity quantum electrodynamics, or cav-
ity QED), provide a means of realizing quantum dynam-
ics and phenomena that are of both fundamental and
practical interest [1–3]. On the fundamental side, for ex-
ample, issues of quantum coherence, entanglement, and
measurement can be addressed, while, on the practical
side, capabilities for quantum state preparation and ma-
nipulation are of immediate relevance to quantum infor-
mation processing. Indeed, in this latter context, cavity
QED systems comprised of single atoms in optical Fabry-
Pe´rot cavities have already contributed an impressive
range of experimental demonstrations, including deter-
ministic single photon generation, state transfer between
atoms and light, and conditional quantum dynamics [4–
17]. These operations would be key building blocks for
a quantum network in which atoms are used for storage
of quantum information at local nodes of the network,
photons (“flying qubits”) provide a means of distributing
quantum information between distant nodes, and atom-
photon interactions enable transfer between matter and
light, and also manipulation, of the quantum information
[18].
Despite this remarkable progress in experimental cav-
ity QED, the “conventional” Fabry-Pe´rot cavities used in
the above-mentioned demonstrations do not lend them-
selves well to large scale networking. So, in the pursuit
of scalable architectures for quantum networks based on
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effects in cavity QED and on propagating light fields,
a variety of microfabricated (i.e., microchip-based) sys-
tems are now under active investigation; these include
semiconductor quantum dots in micropillar, microdisk,
or photonic crystal cavities (for recent reviews see, e.g.,
[19, 20]), cold atoms with monolithic WGM resonators
[21–29], fiber-Fabry-Pe´rot resonators [30–32], or photonic
crystal waveguides [33–36], and nanocrystals with micro-
sphere cavities [37, 38].
Key properties of ultra-low intrinsic cavity mode losses
and high efficiency transfer of light fields into and out of
the cavity modes are well established features of, in par-
ticular, microspheres, microdisks and microtoroids cou-
pled via evanescent fields to tapered optical fibers [39–
41]. Additionally, the ultra-small volumes of the WGM’s
supported by these monolithic structures lead to very
large single photon electric fields and, consequently, very
large atom-field coupling strengths, g, which may exceed
dissipative rates in the system. In fact, this regime of
strong coupling cavity QED has now been demonstrated
experimentally for both a single alkali atom in the evanes-
cent field of a microtoroidal [23] or microbottle [27] res-
onator and for a single quantum dot embedded in a mi-
crodisk resonator [42, 43].
An important aspect of these particular systems, re-
lated to the input-output coupling efficiency of photons,
is the ability to “tune” the external coupling rate, κex, of
the cavity modes to the optical fiber by adjusting the dis-
tance between the taper and the WGM microresonator.
By setting κex to be much larger than the rates for in-
trinsic cavity losses (κi) and spontaneous emission of the
atom or quantum dot (γ), one ensures that the fiber is in-
deed the dominant input-output channel in the system.
Moreover, depending on the precise size of κex relative
to certain other coupling parameters, the microresonator
cavity QED system can exhibit quite distinct regimes of
2operation with regards to effect on a light field propagat-
ing along an evanescently-coupled optical fiber.
In particular, much interest has to date been fo-
cussed on operation under the condition of critical cou-
pling between the fiber and the WGM microresonator
[23, 27, 28, 39], i.e., κex = κ
cr
ex, whereby, in the absence
of an atom, destructive interference prevents transmis-
sion of resonant light along the fiber, with, instead, light
either reflected back in the opposite (backward) direc-
tion, dissipated through the intrinsic WGM losses, or
transferred to a second evanescently-coupled fiber [28]
(or, in general, some combination of these possibilities).
A strongly coupled atom (g > {κex, κi, γ}) induces vac-
uum Rabi splitting of the cavity resonance and breaks the
critical coupling condition, causing a finite transmission
in the forward direction. However, such WGM microres-
onators support degenerate, counterpropagating modes,
both of which couple to the atom. Identically-polarized,
counterpropagating TE modes give rise to a pair of or-
thogonal standing-wave normal modes and the phase of
one of these modes can always be chosen so that it has
a node at the position of the atom. The presence of this
uncoupled normal mode means that for TE fields the in-
cident field can never be fully transmitted; in fact, the
transmission is limited to 25% of the incident field [27, 44]
for the strong coupling regime g > {κex, κi, γ}.
In the so-called “bad cavity” regime, for which κ =
κex + κi ≫ g (but g ≫ γ so that g2/κγ > 1), it is
actually possible for this limit to be increased towards
100% [24], but only for very weak incident fields, as the
atom is typically saturated with extremely small photon
numbers. Alternatively, it has been pointed out, and
demonstrated experimentally, that for nontransversally-
polarized WGM’s (i.e., TM rather than TE fields) it is
possible to realize a situation where the atom effectively
couples to only a single, unidirectional WGM, such that
strong vacuum Rabi splitting of this mode by the atom
can in principle enable 100% transmission along the fiber
of light resonant with the bare WGM frequency [27, 28].
In this paper, we describe a new and promising scheme
which, under ideal conditions, also enables 100% contrast
in transmission along the fiber between the no-atom and
single-atom cases, but which works despite the presence
of an uncoupled, standing-wave normal mode of the mi-
croresonator (i.e., it works with transversally-polarized
TE WGM’s) and also enables control of the propaga-
tion of relatively strong light fields or, alternatively, of
light pulses of significant photon number. The scheme
requires the strong coupling regime of cavity QED, i.e.,
g > κ, γ, but, with regards to the fiber-microresonator
coupling, operates in the strongly over-coupled regime,
i.e., κex ≫ κcrex. Under this condition, and in the absence
of an atom, incident light is simply transmitted along the
fiber. However, as we shall show, the effect of a single,
strongly-coupled atom is now to effectively restore the
condition of critical coupling and block the transmission
of resonant light past the microresonator.
The present scheme can be viewed as complement-
ing a previously studied, single-atom setup in the bad-
cavity, over-coupled regime, demonstrated experimen-
tally in [25], which exhibits the same contrast in trans-
mission, but works only for weak incident light fields; in
particular, in this regime the (two-level) atom can only
reflect incident light efficiently provided that no more
than one photon ever arrives within the effective atomic
lifetime [45–47]. This mechanism for reflection also yields
strongly antibunched light in the reflected field, in con-
trast to the present scheme, which preserves coherent
fields in reflection.
We begin in Section II with a description of our the-
oretical model, then in Section III present a linearized
analysis, which allows a quite straightforward and trans-
parent explanation of the present scheme. In Section IV
we move beyond the linearized analysis to numerical so-
lutions of the master equation for the system, enabling
us to examine dependence on the atom-field coupling
strength and on the coherent driving field strength. We
connect the saturation behavior of the system with the
semiclassical description of optical bistability of the cav-
ity field, which allows us to quantify simply the regime
of validity of the linear analysis. Given this knowledge,
in Section V we consider the case of incident coherent-
state pulses and give a conservative upper estimate for
the mean photon number of a pulse that could in prin-
ciple be controlled by the single-atom switch. In Sec-
tion VI we then outline a scheme, involving an auxiliary
(uncoupled) internal atomic level, which could allow the
preparation of an entangled state of the atom and coher-
ent state pulses propagating in opposite directions along
the fiber. Using a linearized analysis, we evaluate the
fidelity of preparation of such an entangled state for re-
alistic parameters.
II. THEORETICAL MODEL
A schematic of the system is shown in Fig. 1. The in-
ternal, counter-propagating cavity modes are described
in terms of the annihilation operators a and b, while the
external input and output fields are described by the op-
erators {ain,ex, aout,ex, bin,ex, bout,ex}. The internal fields
suffer an intrinsic loss at the rate κi and an extrinsic loss
at the rate κex due to the fiber coupling. An atom is
assumed to couple to the evanescent fields of the intra-
cavity (traveling-wave) modes with a strength of magni-
tude |gtw| = gtw0 f(r), where r is the radial distance of
the atom from the surface of the toroid and a character-
istic form for the (real) function f(r) is f(r) = e−αr with
α ∼ 2pi/λ.
A. Hamiltonian and master equation
We consider a two-level atom with transition frequency
ωA and described by the raising and lowering operators
σ±. The “bare” cavity mode (WGM) frequency is ωC,
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FIG. 1: (Color online). Schematic of the microtoroid, atom,
and tapered-fiber coupler. Whispering gallery modes, a and
b, couple with strength g to an atom through their evanescent
fields. The modes are coupled via intrinsic scattering at rate
h and suffer intrinsic loss at rate κi into the output fields aout,i
and bout,i. Evanescent coupling of the modes to the tapered
fiber corresponds to an extrinsic loss at rate κex, while atomic
spontaneous emission into free space (output field cout) occurs
at rate γ. Fields propagating along the fiber towards and
away from the microtoroid are denoted by {ain,ex, bin,ex} and
{aout,ex, bout,ex}, respectively.
and the two counterpropagating modes are assumed to be
coupled (due, e.g., to scattering off imperfections) with a
strength h. A coherent probe field of frequency ωp in the
input field ain,ex drives the mode a with strength Ep. In
a frame rotating at the probe frequency, the Hamiltonian
for the system can be written in the form [44, 48–51]
H = ∆Aσ
+σ− +∆C
(
a†a+ b†b
)
+ h
(
a†b+ b†a
)
+
(
E∗pa+ Epa
†
)
+
(
g∗twa
†σ− + gtwσ
+a
)
+
(
gtwb
†σ− + g∗twσ
+b
)
, (1)
where, specifically, gtw = g
tw
0 f(r)e
ikx, with x the posi-
tion of the atom around the circumference of the toroid,
and
∆A = ωA − ωp , ∆C = ωC − ωp. (2)
Introducing dissipation, the system can be described by
the master equation
ρ˙ = −i [H, ρ] + κD[a]ρ+ κD[b]ρ+ γ
2
D[σ−]ρ, (3)
where ρ is the density operator for the atom-cavity sys-
tem, κ = κi + κex is the field decay rate for the cavity
modes, γ is the atomic spontaneous emission rate, and
D[O]ρ ≡ 2OρO† − O†Oρ − ρO†O. For a fully quantum
mechanical treatment of the system we can compute nu-
merical solutions to the master equation (3) using trun-
cated number state bases for the cavity modes.
B. Normal mode representation
The Hamiltonian and master equation for the atom-
cavity system can also be usefully expressed in terms of
the normal modes of the cavity, which are defined by the
operator combinations
A =
a+ b√
2
, B =
a− b√
2
. (4)
In particular, one can show that
ρ˙ = −i [H ′, ρ] + κD[A]ρ+ κD[B]ρ+ γ
2
D[σ−]ρ, (5)
where
H ′ = ∆Aσ
+σ− + (∆C + h)A
†A+ (∆C − h)B†B
+
1√
2
(
E∗pA+ EpA
†
)
+
1√
2
(
E∗pB + EpB
†
)
+gA
(
A†σ− + σ+A
)− igB (B†σ− − σ+B) , (6)
with
gA =
√
2Re{gtw} =
√
2 gtw0 f(r) cos(kx), (7)
gB =
√
2 Im{gtw} =
√
2 gtw0 f(r) sin(kx). (8)
So, depending on the position of the atom, coupling may
occur predominantly (or even exclusively) to only one of
the two normal modes.
C. Input and output fields
From the theory of inputs and outputs in optical cavi-
ties [52, 53], the operators for the fields output from the
two cavity modes into the fiber are given in terms of the
input and intracavity field operators as
aout,ex(t) = −ain,ex(t) +
√
2κex a(t), (9)
bout,ex(t) = −bin,ex(t) +
√
2κex b(t), (10)
where [ain,ex(t), a
†
in,ex(t
′)] = [aout,ex(t), a
†
out,ex(t
′)] = δ(t−
t′) (and similarly for bin,ex(t) and bout,ex(t)). The partic-
ular form of the probe driving in the Hamiltonian corre-
sponds to coherent amplitudes of the input fields given
by
〈ain,ex〉 = − iEp√
2κex
, 〈bin,ex〉 = 0, (11)
and corresponding input photon fluxes of
|〈ain,ex〉|2 = |Ep|
2
2κex
, |〈bin,ex〉|2 = 0 . (12)
The normalized forward and backward photon fluxes are
therefore defined as
TF =
〈a†out,exaout,ex〉ss
|Ep|2 /(2κex)
, TB =
〈b†out,exbout,ex〉ss
|Ep|2 /(2κex)
(13)
4and the corresponding photon correlation functions as
g
(2)
FF(0) =
〈a†out,exa†out,exaout,exaout,ex〉ss(
〈a†out,exaout,ex〉ss
)2 , (14)
g
(2)
BB(0) =
〈b†out,exb†out,exbout,exbout,ex〉ss(
〈b†out,exbout,ex〉ss
)2 . (15)
III. LINEARIZED ANALYSIS
For sufficiently weak driving by a coherent probe field
we can assume that the atom is only very weakly excited
and spends most of its time in the ground state, such that
[σ−, σ+] ρ ≃ σ−σ+ρ ≃ ρ, or, effectively, [σ−, σ+] ≃ 1,
and hence the atom behaves essentially like another har-
monic oscillator. In this limit, all of the fields are coher-
ent and we need only consider the mean field amplitudes,
which obey the following equations of motion:
˙〈a〉 = − (κ+ i∆C) 〈a〉 − ih〈b〉 − iEp − ig∗tw〈σ−〉, (16)
˙〈b〉 = − (κ+ i∆C) 〈b〉 − ih〈a〉 − igtw〈σ−〉, (17)
˙〈σ−〉 = − (γ/2 + i∆A) 〈σ−〉 − igtw〈a〉 − ig∗tw〈b〉. (18)
The steady state solutions for the cavity field amplitudes are
〈a〉ss = iEp
(γ/2 + i∆A)
[
(κ+ i∆C) (γ/2 + i∆A) + |gtw|2
]
[
ih (γ/2 + i∆A) + g∗tw
2
]
[ih (γ/2 + i∆A) + g2tw]− [(κ+ i∆C) (γ/2 + i∆A) + |gtw|2]2
, (19)
〈b〉ss = − ih (γ/2 + i∆A) + g
2
tw
(κ+ i∆C) (γ/2 + i∆A) + |gtw|2 〈a〉ss, (20)
and for the amplitudes of the cavity output fields we have
〈aout,ex〉ss = iEp√
2κex
+
√
2κex 〈a〉ss , (21)
〈bout,ex〉ss =
√
2κex 〈b〉ss . (22)
A. No atom
In the absence of an atom (gtw = 0) linear analysis is
exact (all fields are coherent) and
〈a〉ss = − iEp(κ+ i∆C)
[κ+ i(∆C + h)][κ+ i(∆C − h)] , (23)
〈b〉ss = − ih
κ+ i∆C
〈a〉ss. (24)
For ∆C = ±h one can then show that
TF =
(1 − 2κex/κ)2 + (4h2/κ2)(1 − κex/κ)2
1 + 4h2/κ2
, (25)
TB =
(κex
κ
)2 4h2/κ2
1 + 4h2/κ2
. (26)
For h = 0 (or h ≪ κ) these reduce to (or are approxi-
mated by)
TF = (1− 2κex/κ)2 =
(
κi − κex
κi + κex
)2
, (27)
TB = 0. (28)
Two cases are of particular interest to us. Firstly, criti-
cal coupling, for which κex = κ
cr
ex ≡
√
κ2i + h
2 = κi and
hence TF = 0. In this case, all of the incident light is
dissipated through intrinsic loss in the microtoroid. Sec-
ondly, over-coupling, for which κex ≫ {κi, h}, so κ ≃ κex
and TF ≃ 1; that is, virtually all of the light is simply
transmitted along the fiber, past the microtoroid.
B. Strongly-coupled atom
Now consider the case in which an atom couples
strongly and resonantly (i.e., ∆A = ∆C) to the micro-
toroid field modes, such that |gtw| ≫ {κ, γ, h, |∆C|}.
Then from (19) and (20) one finds
〈a〉ss ≃ − iEp/2
κ+ i[∆C − h cos(2kx)] , (29)
〈b〉ss ≃ −e2ikx〈a〉ss, (30)
5which in turn give
〈aout,ex〉ss ≃ iEp√
2κex
{
1− κex
κ+ i[∆C − h cos(2kx)]
}
,(31)
〈bout,ex〉ss ≃ iEp√
2κex
e2ikx
κex
κ+ i[∆C − h cos(2kx)] . (32)
So, for ∆C = h cos(2kx) one has
TF ≃ (1− κex/κ)2 =
(
κi
κi + κex
)2
, (33)
TB ≃ (κex/κ)2 =
(
κex
κi + κex
)2
. (34)
Now, for critical coupling, and with h≪ κi (so κex ≃ κi),
we find that TF ≃ TB ≃ 1/4, and the increase (from
zero) in forward and backward fluxes is limited to 25%
of the incident flux [27, 44]. This situation is illustrated
in Fig. 2, where TF and TB are plotted as a function of
probe detuning ∆C under the conditions of critical cou-
pling and with either gtw = 0 or gtw large. For the ex-
ample shown (gtw real) the atom couples only to normal
mode A and the consequent normal mode splitting leads
to a substantial reduction in TF at ∆C ≃ ±
√
2gtw, i.e., at
the vacuum Rabi sidebands. However, the transmission
spectrum around ∆C = 0 is dominated by the resonance
of the uncoupled normal mode B, and TF(∆C = 0) in-
creases from zero by only 0.25 in the presence of the
atom. Under more general conditions (i.e., gtw com-
plex) the system, in the linear regime, amounts to three
coupled oscillators, but the three resonances remain at
∆C ≃ ±
√
2gtwand ∆C ≃ 0 (for h ≃ 0), and one still
finds TF(∆C ≃ 0) ≃ 0.25.
However, for strong over-coupling, κex ≫ κi (but, of
course, with κex still much smaller than |gtw|), it is ap-
parent from (33) and (34) that TF ≃ 0 and TB ≃ 1 (cf.
TF ≃ 1 and TB ≃ 0 with no atom). Hence, in this regime
a single atom can act as a near-ideal switch for resonant
or near-resonant light incident along the fiber. This is
despite the presence of an intracavity normal mode that
does not couple to the atom, which, as pointed out above,
prevents this possibility in the case of critical coupling.
In fact, if, for example (and without loss of generality),
we consider the case in which x = 0, so that the atom
couples only to normal mode A, then the minimum in TF
actually occurs at ∆C = h (i.e., at ωp = ωC − h), which
is the frequency of the uncoupled normal mode B.
The overcoupled case is illustrated in Fig. 3 and, to
help understand the behavior on resonance (∆C = 0)
for the case considered (h = 0), we also give in Table I
a summary of the approximate intracavity and output
field amplitudes when sin(kx) = 0 and ∆C = h. We ob-
serve that the presence of a strongly-coupled atom (|gtw|
large) causes a redistribution of the intracavity field be-
tween the counterpropagating modes a and b, in particu-
lar reducing by a factor of 2 the amplitude 〈a〉ss. This re-
duction now yields near-ideal destructive interference in
the output field aout,ex between the components −ain,ex
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FIG. 2: (Color online). Normalised power transmission TF
(blue) and reflection TB (red) as a function of probe detun-
ing in the weak-driving limit (using the linearised theory) for
critical coupling (κex =
√
κ2i + h
2) and ωA = ωC. Parameters
are {κex, κi, h, γ}/2pi = {10, 10, 0, 5.2} MHz. Solid lines are
for gtw/2pi = 100 MHz (sin(kx) = 0) and dashed lines are for
gtw = 0. For large gtw, the maximum increase in TF(∆C = 0)
is 0.25.
Field amplitudes
gtw = 0 |gtw| large
〈a〉ss −iEp/κex −iEp/2κex
〈b〉ss 0 iEp/2κex
〈A〉ss −iEp/
√
2κex 0
〈B〉ss −iEp/
√
2κex −iEp/
√
2κex
〈aout,ex〉ss 〈ain,ex〉 0
〈bout,ex〉ss 0 −〈ain,ex〉
TABLE I: Summary of approximate intracavity and out-
put field amplitudes for operation in the overcoupled regime,
κex ≫ {κi, h}, with gtw = 0 or |gtw| ≫ {κ, γ, h}. We take
ωA = ωC, sin(kx) = 0, and ∆C = h (i.e., probe driving at
the frequency of the uncoupled normal mode). Note that
〈ain,ex〉 = −iEp/
√
2κex.
and
√
2κexa, and consequently the incident light field is
reflected along the fiber.
IV. NUMERICAL SOLUTIONS OF THE
MASTER EQUATION
In this section we present results obtained from numer-
ical solutions of the full quantum master equation (3) in
the regime of strong overcoupling (κex ≫ {κi, h}). Our
main aim is to determine requirements on the system, in
particular with regards to atom-field coupling strength
and probe driving strength, for efficient operation as a
switch for incident light fields.
60
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FIG. 3: (Color online). Normalised power transmission TF
(blue) and reflection TB (red) as a function of probe detun-
ing in the weak-driving limit (using the linearised theory) for
strong overcoupling (κex ≫ κi, h) and ωA = ωC. Parameters
are {κex, κi, h, γ}/2pi = {20, 0.2, 0, 5.2} MHz. Solid lines are
for gtw/2pi = 100 MHz (sin(kx) = 0) and dashed lines are for
gtw = 0. For large gtw, the maximum change in TF(∆C = 0)
is close to 1.
A. Variation with atom-field coupling strength
First, we examine the behavior on resonance (∆C =
∆A = 0) as a function of the atom-field coupling strength
gtw. Results for the power transmission and reflection
in the fiber, the intracavity field amplitudes, and the
atomic excited state population are presented in Fig. 4
for relatively weak driving field strength. Good opera-
tion of the atom-microtoroid system as a “mirror” for
incident light is already observed once gtw > κex, with
TF(∆C = 0) ≃ 0, TB(∆C = 0) > 0.9 (Fig. 4(a)), and
g
(2)
BB(0) ≃ 1 (Fig. 4(b)), indicating that the reflected light
remains essentially coherent. The atomic excited state
population (Fig. 4(e)) is seen to be very small for suf-
ficiently large gtw, hence keeping the effects of atomic
spontaneous emission small, while the intracavity field
amplitudes (Fig. 4(c,d)) for gtw > κex closely match the
approximate results of Table I.
We note from Fig. 4(b) that the transmitted field
aout,ex, although generally very weak, exhibits strong
bunching over much of the range of gtw. In terms of
intracavity normal modes, this field is given by aout,ex =
−ain,ex+√κex(A+B). For gtw real, the field component√
κexB does not couple to the atom and is coherent, with
an amplitude that, for κex ≃ κ, essentially cancels with
that of the coherent input field component, −ain,ex. The
field component
√
κexA, for gtw ≫ {κex, γ}, typically has
an amplitude even smaller than −ain,ex+√κexB, but for
resonant driving as considered here (∆C = ∆A = 0) is
strongly bunched; in particular, while absorption of a
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FIG. 4: (Color online). (a) Normalised power transmission
TF (blue) and reflection TB (red), (b) output photon cor-
relation functions g
(2)
FF(0) (blue) and g
(2)
BB(0) (red), (c) in-
tracavity field amplitudes 〈a〉 (blue) and 〈b〉 (red), (d) nor-
mal mode amplitudes 〈A〉 (blue) and 〈B〉 (red), and (e)
atomic excited state population as a function of atom-field
coupling strength gtw for strong overcoupling (κex ≫ κi, h)
and ωA = ωC = ωp (∆C = ∆A = 0). Parameters are
{κex, κi, h, γ, Ep}/2pi = {30, 0.5, 0, 5.2, 10} MHz. The hori-
zontal dashed lines in (c) show the approximations to 〈a〉 and
〈b〉 from Table I for the limit of large gtw. The vertical dashed
line in each plot indicates the value of κex.
single photon by mode A is very small in this regime,
if one is absorbed then the probability of a second ab-
sorption is significantly enhanced, and, consequently, ex-
treme bunching occurs in the photon statistics [12, 54],
i.e., 〈A†A†AA〉 ≫ 〈A†A〉2.
B. Variation with probe driving strength:
saturation behavior
For sufficiently strong driving field strength the atom
begins to saturate and the desired behavior just discussed
starts to break down. This is illustrated in Fig. 5, where
the key quantities of interest are plotted now as a func-
tion of probe strength Ep for several values of the atom-
field coupling strength gtw. With the onset of saturation,
TF(∆C = 0) (TB(∆C = 0)) (Fig. 5(a)) increases (de-
creases) steadily from zero (one). The probe strength at
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FIG. 5: (Color online). (a) Normalised power transmission
TF (blue) and reflection TB (red), (b) output photon corre-
lation functions g
(2)
FF(0) (blue) and g
(2)
BB(0) (red), (c) intra-
cavity field amplitudes 〈a〉 (blue) and 〈b〉 (red), (d) normal
mode amplitudes 〈A〉 (blue) and 〈B〉 (red), and (e) atomic
excited state population as a function of probe strength Ep
for strong overcoupling (κex ≫ κi, h) and ωA = ωC = ωp
(∆C = ∆A = 0), with gtw/2pi = 50 MHz (solid), 100 MHz
(dashed), and 150 MHz (dot-dashed). Other parameters are
{κex, κi, h, γ}/2pi = {30, 0.5, 0, 5.2} MHz.
which this onset occurs increases approximately linearly
with the value of gtw; we investigate this further below.
As an aside, we note the interesting result that a small
steady-state atomic inversion (〈σ+σ−〉 > 0.5 or 〈σz〉 > 0)
occurs over a range of Ep depending on the magnitude
of gtw (Fig. 5(e)).
If we consider the case sin(kx) = 0 (as in Fig. 5), then
the atom couples only to the normal mode A = (a +
b)/
√
2. If we further assume that h = 0 and ∆C = ∆A =
0, then one can derive in a semiclassical approximation
(whereby, for example, we set 〈σ+a〉 = 〈σ+〉〈a〉 in the
equations of motion for 〈σ+〉, 〈σ−〉, 〈a†〉, 〈a〉, and 〈σz〉)
the following equation relating the driving field strength,
Ep, to the normal mode amplitude, 〈A〉:
|Y | = |X |
(
1 +
4C
1 + 2|X |2
)
. (35)
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FIG. 6: (Color online). Optical bistability curves for
gtw/2pi = 50 MHz (solid), 100 MHz (dashed), and 150 MHz
(dot-dashed) with strong overcoupling (κex ≫ κi, h) and
ωA = ωC = ωp (∆C = ∆A = 0). The inset shows the case
gtw/2pi = 100 MHz on a larger vertical scale. Other parame-
ters are {κex, κi, h, γ}/2pi = {30, 0.5, 0, 5.2} MHz.
Here,
Y =
iEp
κ
√
2n
, X =
〈A〉√
n
, n =
γ2
8g2tw
, C =
g2tw
κγ
. (36)
This is simply the equation of optical bistability for the
normal mode A. Bistability curves, in terms of the nor-
mal mode amplitude, |〈A〉|, and the driving field ampli-
tude, Ep, are shown in Fig. 6.
By setting d|Y |/d|X | = 0 one can find the turning
points of these curves. For C ≫ 1 (as is the case for the
situation we consider), these turning points are located at
|X | ≃ √2C and |X | ≃√1/2, with corresponding driving
field strengths
Ep =
√
2κγ and Ep = gtw
√
1
8
1 + 2C
C
≃ gtw√
2
. (37)
The value of Ep at the lower turning point, Ep ≃ gtw/
√
2,
agrees well with the value, observed in the numerical sim-
ulations of the full quantum model, at which the onset
of saturation occurs, i.e., at which 〈A〉 (Fig. 5(d)) and
TF(∆C = 0) start to deviate significantly from zero.
Finally, to further investigate the effects of satura-
tion, in Fig. 7 we plot the transmission and reflection
as a function of probe detuning (Figs. 7(a,b)), as well
as the output photon correlation functions (Figs. 7(c,d)),
for several values of the probe strength, with gtw/2pi =
150 MHz. While properties associated with the vacuum
Rabi sidebands around ∆C ≃
√
2gtw are drastically af-
fected by saturation, the resonance feature centered at
∆C = 0 (and central to the operation of the system as
a switch for resonant light) is very robust to increasing
probe strength.
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FIG. 7: (Color online). Normalised power (a) transmission TF
and (b) reflection TB, and output photon correlation functions
(c) g
(2)
FF(0) and (d) g
(2)
BB(0), for gtw/2pi = 150 MHz with strong
overcoupling (κex ≫ κi, h), ωA = ωC, and Ep/2pi = 10 MHz
(solid), 50 MHz (dashed), and 100 MHz (dot-dashed). Other
parameters are {κex, κi, h, γ}/2pi = {30, 0.5, 0, 5.2} MHz.
V. COHERENT-STATE PULSE REFLECTION
As shown above, for strong atom-field coupling (i.e.,
for C ≫ 1), we find a maximum driving field strength
of Ep ≃ gtw/
√
2 before saturation effects start to occur.
The incident photon flux,
F = E
2
p
2κex
, (38)
is therefore restricted to a maximum value
Fsat ≃ g
2
tw
4κex
, (39)
if saturation effects are to be avoided. If we take, for
example, gtw = 2pi · 100 MHz and κex = 2pi · 30 MHz,
then Fsat ≃ 520 (µs)−1, corresponding to a maximum
input power, at 852 nm, of Psat ≃ 0.12 nW.
Now consider an incident Gaussian pulse with a maxi-
mum photon flux of Fmax, i.e., an incident flux profile of
the form
F(t) = Fmax exp
(
− t
2
2t2p
)
, (40)
where 2.35tp gives the FWHM of the pulse. If we consider
the transmission and reflection spectra of Fig. 7, then
the width of the central resonance is approximately 2κ ≃
2κex. The frequency bandwidth of the incident pulse
should be much less than this width; that is, we require
2.35
tp
≪ 2κex, (41)
which, for κex = 2pi · 30 MHz, gives tp ≫ 6.2 ns. Choos-
ing tp = 310 ns and Fmax = Fsat/2 ≃ 260 (µs)−1, the
(average) total photon number in the pulse is
N¯p =
∫ ∞
−∞
F(t) dt = Fmax
√
2pi tp ≃ 200. (42)
This suggests that our single-atom system could act ef-
fectively as a “switch” for an incident light pulse of sig-
nificant photon number. This in turn raises interesting
possibilities for the generation, via the intrinsically quan-
tum nature of the single-atom switch, of entangled states
of an atom and propagating, coherent-state light fields,
which we consider in the following section.
Before doing so, our scheme for pulse reflection should
be contrasted with schemes based upon a single two-level
emitter or atom coupled strongly to light fields propagat-
ing in a waveguide (e.g., nanowire or fiber) [25, 46]. In
these cases, the effective output field in the forward di-
rection takes the form aout,ex = −ain,ex+
√
Γσ−, where Γ
is the Purcell-effect-enhanced spontaneous emission rate
of the emitter. Given the two-level nature of the emitter,
efficient reflection of light can only occur “one photon at
a time,” and saturation of the emitter, marking the on-
set of an increase in transmission, corresponds to a single
photon within a pulse of duration Γ−1 (or, alternatively,
within the effective bandwidth of the device) [45, 46].
In the present scheme, however, saturation corresponds
to a photon number
√
2piFsat/κex ∼ (gtw/κex)2 within a
(Gaussian) pulse of duration κ−1ex (the inverse of the effec-
tive bandwidth of our device), which may clearly be much
larger than one and is not limited by the two-level nature
of the atom. That this is possible is evident from consid-
eration of the output field for our scheme, written in the
form aout,ex = −ain,ex+√κex(A+B). An atom coupled
strongly to normal mode A takes this mode far out of res-
onance, reducing its amplitude essentially to zero and the
output field to aout,ex ≃ −ain,ex+√κexB, where B is the
orthogonal, uncoupled normal mode, which for coherent
input fields is itself simply a coherent field. The ampli-
tude of B is not constrained and is such as to give near
ideal destructive interference in the output field aout,ex
(assuming, of course, operation within the saturation re-
strictions of the system).
VI. ENTANGLED-PATH COHERENT-STATE
PREPARATION
Let |g〉 and |e〉 denote the atomic states coupled via the
microtoroid field modes, and let |g′〉 denote an auxiliary
internal atomic state (for example, in another hyperfine
level) that does not couple to the field modes. If the atom
is prepared in a superposition of |g〉 and |g′〉, and a coher-
ent state pulse, denoted by |α〉ain,ex , is incident along the
fiber (in input field ain,ex), then under ideal operation of
the quantum switch, the following transformation would
9be implemented,
|α〉ain,ex |0〉bin,ex
1√
2
(|g〉+ |g′〉)
−→ |Φ〉 = 1√
2
|0〉aout,ex | − α〉bout,ex |g〉
+
1√
2
|α〉aout,ex |0〉bout,ex |g′〉, (43)
where |0〉bin denotes a vacuum state in bin. That is, the
atomic state becomes entangled with a coherent state
pulse (of potentially quite large photon number, as shown
in the previous section) propagating in either the for-
ward or backward direction along the fiber. With a suit-
able (unitary) rotation and projective measurement of
the atomic state, this system could therefore be used to
prepare entangled coherent states, which are of signifi-
cant interest in the contexts of, e.g., quantum informa-
tion processing and quantum metrology [55–58]. How-
ever, such states are by nature extremely sensitive (i.e.,
fragile) to uncontrolled losses, which in the present sys-
tem arise from intrinsic losses (i.e., absorption) in the
resonator modes and from atomic spontaneous emission
into free space. More detailed investigation of the effect
of these losses, as well as the influence of key param-
eter values, on entangled-state preparation is therefore
important and now follows.
A. Input pulse
We consider a coherent-state, Gaussian optical pulse
incident along the fiber, which we describe by [59]
|α〉ain,ex = exp
(−|α|2/2) exp
[∫ ∞
−∞
〈ain,ex(t)〉a†in,ex(t)dt
]
|0〉ain,ex , (44)
where
〈ain,ex(t)〉 = − iEp√
2κex
exp
(
− t
2
4t2p
)
, (45)
or, equivalently,
〈a˜in,ex(ω)〉 = 1√
2pi
∫ ∞
−∞
e−iωt〈ain,ex(t)〉dt
= − iEptp√
κex
exp
(−ω2t2p) , (46)
and ∫ ∞
−∞
|〈ain,ex(t)〉|2dt =
∫ ∞
−∞
|〈a˜in,ex(ω)〉|2dω
= N¯p ≡ |α|2. (47)
B. Linear (coherent state) analysis
If we assume operation of the system in the linear
regime, i.e., that the driving strength is sufficiently small
(Ep < gtw/
√
2), then we can solve operator equations of
motion for the resonator and atomic modes exactly and
derive expressions for all of the output field operators
(in frequency space) in terms of a˜in,ex(ω) (Appendix A).
Furthermore, in a linear system all fields remain coher-
ent, so, for the atom in state |g〉, we can write the output
state of our system as a product of coherent states in
each of the possible output channels [60], i.e.,
|ψ〉 = |αex〉aout,ex |αi〉aout,i |βex〉bout,ex |βi〉bout,i |η〉cout , (48)
with, for example (see Appendix A),
|αex〉aout,ex = exp
(−|αex|2/2) exp
[∫ ∞
−∞
〈aout,ex(t)〉a†out,ex(t)dt
]
|0〉aout,ex , (49)
where
〈aout,ex(t)〉 = 1√
2pi
∫ ∞
−∞
eiωt〈a˜out,ex(ω)〉dω (50)
=
1√
2pi
∫ ∞
−∞
eiωttex(ω)〈a˜in,ex(ω)〉dω, (51)
|αex|2 =
∫ ∞
−∞
|tex(ω)|2|〈a˜in,ex(ω)〉|2dω, (52)
and tex(ω) is also given in Appendix A. Note that cout
denotes the output field from the atom into free space
(spontaneous emission). Similarly, for the atom in state
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|g′〉 we can write
|ψ′〉 = |α(0)ex 〉aout,ex |α(0)i 〉aout,i |β(0)ex 〉bout,ex |β(0)i 〉bout,i |η(0)〉cout ,
(53)
where now, for example,
|α(0)ex |2 =
∫ ∞
−∞
|t(0)ex (ω)|2|〈a˜in,ex(ω)〉|2dω, (54)
with
t(0)ex (ω) = tex(ω)|gtw=0 . (55)
Hence, for the atom in an equal superposition of |g〉 and
|g′〉, the output state of the system is given by
|Ψ〉 = 1√
2
(|g〉|ψ〉+ |g′〉|ψ′〉) . (56)
C. Reduced density operator
Tracing over the output fields aout,i, bout,i, and cout,
we obtain a reduced density operator for the fiber output
fields (and atom) only, which takes the form
ρ =
1
2
|g〉|αex〉|βex〉〈βex|〈αex|〈g|
+
1
2
|g′〉|α(0)ex 〉|β(0)ex 〉〈β(0)ex |〈α(0)ex |〈g′|
+
ξ
2
|g〉|αex〉|βex〉〈β(0)ex |〈α(0)ex |〈g′|
+
ξ∗
2
|g′〉|α(0)ex 〉|β(0)ex 〉〈βex|〈αex|〈g|, (57)
where, for brevity, we have dropped the output field sub-
scripts; states associated with output channels aout,ex
and bout,ex can be distinguished by the use of {αex, α(0)ex }
or {βex, β(0)ex }, respectively. The parameter ξ appearing
in the reduced density operator is given by
ξ = 〈α(0)i |αi〉aout,i〈β(0)i |βi〉bout,i〈η(0)|η〉cout , (58)
where one can show (noting that, in fact, β
(0)
i = 0 for
h = 0, and η(0) = 0) that
〈α(0)i |αi〉aout,i = exp
[
−1
2
∫ ∞
−∞
(
|ti(ω)|2 + |t(0)i (ω)|2 − 2t(0)i (ω)∗ti(ω)
)
|〈a˜in,ex(ω)〉|2dω
]
, (59)
〈β(0)i |βi〉bout,i = exp
[
−1
2
∫ ∞
−∞
|ri(ω)|2|〈a˜in,ex(ω)〉|2dω
]
≡ exp
[
−1
2
|βi|2
]
, (60)
〈η(0)|η〉cout = exp
[
−1
2
∫ ∞
−∞
|s(ω)|2|〈a˜in,ex(ω)〉|2dω
]
≡ exp
[
−1
2
|η|2
]
, (61)
with ti(ω), ri(ω), and s(ω) given in Appendix A. Note
that these are overlap factors between the states of these
output channels with the atom either in state |g〉 or state
|g′〉. The smaller these factors are, the more “distin-
guishable” are the components of the desired entangled
state from information carried by these channels, and
the worse the expected fidelity of preparation of the en-
tangled coherent state (i.e., the reduced density operator
approaches a mixed state in the limit ξ → 0).
D. Fidelity of entangled state preparation
Finally, the fidelity of preparation of the ideal output
state |Φ〉 is given by
F = 〈Φ|ρ|Φ〉
=
1
4
|〈0|αex〉|2|〈−α|βex〉|2 + 1
4
|〈α|α(0)ex 〉|2|〈0|β(0)ex 〉|2
+
ξ
4
〈0|αex〉〈−α|βex〉〈α(0)ex |α〉〈β(0)ex |0〉
+
ξ∗
4
〈αex|0〉〈βex| − α〉〈α|α(0)ex 〉〈0|β(0)ex 〉, (62)
where
〈0|αex〉 = exp
(
−1
2
|αex|2
)
, (63)
〈0|β(0)ex 〉 = 〈0|0〉 = 1, (64)
and
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〈−α|βex〉 = exp
[
−1
2
∫ ∞
−∞
(
1 + |rex(ω)|2 + 2rex(ω)
) |〈a˜in,ex(ω)〉|2dω
]
, (65)
〈α|α(0)ex 〉 = exp
[
−1
2
∫ ∞
−∞
(
1 + |t(0)ex (ω)|2 − 2t(0)ex (ω)
)
|〈a˜in,ex(ω)〉|2dω
]
, (66)
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FIG. 8: (Color online). Fidelity, F , of entangled-path co-
herent state preparation as a function of the mean pho-
ton number, |α|2, in the incident pulse for gtw/2pi =
{50, 100, 150} MHz (curves are labelled by these values in
units of MHz). Dashed lines are the approximate ex-
pression (67). Other parameters are {κex, κi, h, γ}/2pi =
{30, 0.5, 0, 5.2} MHz, tp = 318 ns (κtp ≃ 60), and ωA = ωC.
with rex(ω) given in Appendix A.
We evaluate the fidelity, (62), numerically and present
some results in Figs. 8 and 9. In particular, we plot
F as a function of the mean photon number in the input
pulse, |α|2, firstly in Fig. 8 for several values of the atom-
field coupling strength, gtw, and secondly in Fig. 9 for
a range of values of the intrinsic cavity mode loss rate,
κi. Considering Fig. 8, we see that an entangled coherent
state with pulses of mean photon number |α|2 ≃ 10 could
in principle be achieved with fidelity in excess of 85% for
gtw/2pi & 50 MHz and κi/2pi ≃ 0.5 MHz. With larger
values of gtw and/or smaller values of κi, similar fidelities
appear possible with pulses of even larger mean photon
numbers, as illustrated in Figs. 8 and 9.
Implicit in the achievement of high fidelity state prepa-
ration is good matching, or overlap, between input and
output pulses. An example of these pulses is shown in
Fig. 10, where we plot the photon fluxes |〈ain,ex(t)〉|2,
|〈a(0)out,ex(t)〉|2, and |〈bout,ex(t)〉|2, where a(0)out,ex(t) denotes
the output field for the atom in state |g′〉. For the param-
eters used, the output pulses overlap extremely well with
eachother and with the input pulse; the fidelity F ≃ 0.85
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FIG. 9: (Color online). Fidelity, F , of entangled-path co-
herent state preparation as a function of the mean photon
number, |α|2, in the incident pulse for gtw/2pi = 100 MHz,
with κi/2pi = {0.25, 0.5, 1.0, 2.0} MHz (curves are labelled by
these values in units of MHz). Dashed lines are the approxi-
mate expression (67). Other parameters are {κex, h, γ}/2pi =
{50, 0, 5.2} MHz, tp = 159 ns (κtp ≃ 50), and ωA = ωC.
for this case. Note that on the scale used in Fig. 10,
|〈aout,ex(t)〉|2 (not shown) is virtually indistinguishable
from zero for all t (and |αex|2 = 0.0017).
Provided the bandwidth of the incident pulse is
sufficiently narrow, i.e., κtp ≫ 1, then the vari-
ous integrals appearing in the expression for F can
be simplified; for example, we may set |αex|2 ≃
|tex(0)|2
∫∞
−∞
|〈a˜in,ex(ω)〉|2dω = |tex(0)|2|α|2, and it is
possible to derive the following approximate result for
the fidelity,
F ≃ 1
4
exp
(−Γ1|α|2)+ 1
4
exp
(−Γ2|α|2)
+
1
2
exp
[
−1
2
(Γ1 + Γ2 + 2Γ3)|α|2
]
, (67)
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FIG. 10: (Color online). Input photon flux, |〈ain,ex(t)〉|2
(blue, short-dashed curve), and output photon fluxes,
|〈a(0)out,ex(t)〉|2 (blue, long-dashed curve) and |〈bout,ex(t)〉|2
(red solid curve) as a function of time, for parameters
{gtw, κex, κi, h, γ}/2pi = {100, 50, 0.5, 0, 5.2} MHz, Ep/2pi =
28 MHz, and tp = 159 ns (κtp ≃ 50), with ωA = ωC. The
mean photon number in the input pulse (i.e., the area under
the dashed curve) is |α|2 = 20. The output pulses have mean
photon numbers |α(0)ex |2 = 19.2 and |βex|2 = 19.3, respectively.
with
Γ1 =
(
1− κex
κ
4C + 2
4C + 1
)2
+
(
1− κex
κ
4C
4C + 1
)2
, (68)
Γ2 = 4
(κi
κ
)2
, (69)
Γ3 =
κex
κ
(
4C
4C + 1
)2(
κi
κ
+
1
4C
)
. (70)
The result (67) is also plotted in Figs. 8 and 9 and
shows good agreement with the full expression for the
chosen values of the pulse length tp. Note that ξ ≃
exp(−Γ3|α|2) is typically the key factor in determin-
ing F for the entangled state preparation since, for
C ≫ 1, one has Γ1 ≃ 2(κi/κ)2 and Γ2 ≃ 4(κi/κ)2, while
Γ3 ≃ κexκi/κ2 ≃ κi/κ ≫ Γ1,Γ2 for strong overcoupling
(κi/κ ≪ 1). Hence, if Γ1,2|α|2 ≪ 1 then one can write
F ≃ 12 (1 + e−Γ3|α|
2
), which, e.g., agrees reasonably well
with the curve for gtw/2pi = 150 MHz in Fig. 8.
In comparison, the fidelity for merely ideal reflection
of a coherent state pulse by an atom in state |g〉,
Frefl = |〈0|αex〉|2|〈−α|βex〉|2, (71)
is (in the same limits) given by exp(−Γ1|α|2). Taking
Γ1 ≃ 2(κi/κ)2 and the parameters of Fig. 8 (κi/κ =
0.016), this gives Frefl & 0.97 for |α|2 = 50. This high-
lights the relative fragility of the entangled-path coherent
state and makes explicit the requirements on the operat-
ing regime of the system for high-fidelity preparation of
such states; in particular, one requires κi/κex ≪ 1 and
C = g2tw/κγ ≫ 1. These conditions should indeed be
achievable with microtoroid cavity QED.
VII. CONCLUSION
To summarize, we have presented a scheme for a single-
atom quantum switch for coherent light fields based upon
microtoroid cavity QED in a regime not previously con-
sidered, at least not in this particular context. It com-
plements recent schemes employing TM-polarized fields
by also enabling, in principle, 100% contrast in trans-
mission and reflection of TE-polarized fields depending
on the presence or absence of a strongly-coupled atom.
The scheme can potentially work for quite strong inci-
dent fields, allowing, for example, control of a coherent
state pulse of significant photon number and high-fidelity
preparation of entangled-path coherent states.
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Appendix A: Quantum Langevin equations and
output fields: linearized analysis in frequency space
In the linear regime, for which the atom can be treated
as another harmonic oscillator, quantum Langevin equa-
tions for the mode operators in frequency space can be
written (for h = 0) as
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−iωa˜(ω) = −(κ+ i∆C)a˜(ω)− ig∗twc˜(ω) +
√
2κi a˜in,i(ω) +
√
2κex a˜in,ex(ω), (A1)
−iωb˜(ω) = −(κ+ i∆C)b˜(ω)− igtwc˜(ω) +
√
2κi b˜in,i(ω) +
√
2κex b˜in,ex(ω), (A2)
−iωc˜(ω) = −(γ/2 + i∆A)c˜(ω)− igtwa˜(ω)− ig∗twb˜(ω) +
√
γ c˜in(ω) (A3)
where, for convenience, we have written σ− ≡ c,
{ain,ex(t), ain,i(t), bin,ex(t), bin,i(t), cin(t)} are (indepen-
dent) input field operators, and the Fourier-transformed
operators are defined by
o˜(ω) =
1√
2pi
∫ ∞
−∞
e−iωto(t) dt. (A4)
Input-output relations for the various channels take the
forms
a˜out,ex(ω) = −a˜in,ex(ω) +
√
2κex a˜(ω), (A5)
a˜out,i(ω) = −a˜in,i(ω) +
√
2κi a˜(ω), (A6)
b˜out,ex(ω) = −b˜in,ex(ω) +
√
2κex b˜(ω), (A7)
b˜out,i(ω) = −b˜in,i(ω) +
√
2κi b˜(ω), (A8)
c˜out(ω) = −c˜in(ω) +√γ c˜(ω). (A9)
We assume a coherent state input to channel ain,ex, of
amplitude 〈ain,ex(t)〉 ←→ 〈a˜in,ex(ω)〉, and vacuum inputs
to all other channels. The mean coherent amplitudes in
the output fields can then be derived as
〈a˜out,ex(ω)〉 = tex(ω)〈a˜in,ex(ω)〉, (A10)
〈a˜out,i(ω)〉 = ti(ω)〈a˜in,ex(ω)〉, (A11)
〈b˜out,ex(ω)〉 = rex(ω)〈a˜in,ex(ω)〉, (A12)
〈b˜out,i(ω)〉 = ri(ω)〈a˜in,ex(ω)〉, (A13)
〈c˜out(ω)〉 = s(ω)〈a˜in,ex(ω)〉, (A14)
where the coefficients are given by
tex(ω) = −1 + 2κex
κ+ i∆C − iω
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + |gtw|2
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + 2|gtw|2 , (A15)
ti(ω) =
2
√
κiκex
κ+ i∆C − iω
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + |gtw|2
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + 2|gtw|2 , (A16)
rex(ω) = − 2κex
κ+ i∆C − iω
g2tw
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + 2|gtw|2 , (A17)
ri(ω) = −
2
√
κiκex
κ+ i∆C − iω
g2tw
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + 2|gtw|2 , (A18)
s(ω) = − igtw
√
2κexγ
(κ+ i∆C − iω)(γ/2 + i∆A − iω) + 2|gtw|2 . (A19)
The states of the output fields are then given by
|αex〉aout,ex = exp
(−|αex|2/2) exp
[∫ ∞
−∞
〈aout,ex(t)〉a†out,ex(t)dt
]
|0〉aout,ex , (A20)
|αi〉aout,i = exp
(−|αi|2/2) exp
[∫ ∞
−∞
〈aout,i(t)〉a†out,i(t)dt
]
|0〉aout,i , (A21)
|βex〉bout,ex = exp
(−|βex|2/2) exp
[∫ ∞
−∞
〈bout,ex(t)〉b†out,ex(t)dt
]
|0〉bout,ex , (A22)
|βi〉bout,i = exp
(−|βi|2/2) exp
[∫ ∞
−∞
〈bout,i(t)〉b†out,i(t)dt
]
|0〉bout,i , (A23)
|η〉cout = exp
(−|η|2/2) exp
[∫ ∞
−∞
〈cout(t)〉c†out(t)dt
]
|0〉cout , (A24)
with
|αex|2 =
∫ ∞
−∞
|tex(ω)|2|〈a˜in,ex(ω)〉|2dω, (A25)
|αi|2 =
∫ ∞
−∞
|ti(ω)|2|〈a˜in,ex(ω)〉|2dω, (A26)
|βex|2 =
∫ ∞
−∞
|rex(ω)|2|〈a˜in,ex(ω)〉|2dω, (A27)
|βi|2 =
∫ ∞
−∞
|ri(ω)|2|〈a˜in,ex(ω)〉|2dω, (A28)
|η|2 =
∫ ∞
−∞
|s(ω)|2|〈a˜in,ex(ω)〉|2dω. (A29)
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